Perpendicular Bisector Relationship to Transformations

Review of perpendicular bisector:

- Two lines are perpendicular if they Aftrsec ,and if any of the angles formed by the
intersection of the linesisa___7« gh? [ ff'%:/ angle.

- Two segments are perpendicular if the lines containing them are
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- Asyou have learned previously, the perpendicular bisector is also known as the
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Reflections and Perpendicular Bisectors:

Draw the line of reflection which maps A4BC to A4'B'C"
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We have determined that any point gn the pre-image figure is the sarr s from the
line of reflection as its image. Ther¢fore, the two points are Chut olistant from the point at

which the line of reflection (perpefdicular bisector) intersects the segment connecting the pre-image
point to its image.
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What about other points on the perpendicular bisector? Are
they also equidistant from the pre-image and image points
as seen in the image to the right?

(In other words, is GP = HP ?7)
lustify your conclusion: v o ik B s¢5 it Seih 4T 5B
15 ot fllee frol O A g Afeg LS /Gmec (s

W ST -

oo e — f -
Thew £ A //}f’ Je HP o, Ll = HP



Summary

A
Every point on the line of reflection Example: : At 87 P o
(perpendicular bisector) is equidistant from a . !
pre-image and its corresponding image. - g ") / B4 = B4
B wfkﬁ;
Y

Rotations and Perpendicular Bisectors:

Review: Find the center of rotation for the transformation below.

1. How are perpendicular bisectors a major part of findihg the center of rotation? Why are they

essential?
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2. Do rotations preserve distance?
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3. Which of the statements below is true of the distances in the figure? Justify your response.

a. AB = A'B
TRt s

b. AA = BB’
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Translations and Perpendicular Bisectors:

) ) g S / /,79 ’.,__ . - '
Translations involve constructing e flel lines (which certainly can be done by

constructing perpendiculars, but perpendicular bisectors are not essential to constructing
translations).

Examples:
For #1-4, in each pre-image/image combination below:
(a) Identify the type of transformation

(b) State whether perpendicular bisectors play a role in constructing the transformation and, if so, what
role

(c) Identify two congruent segments from the pre-image to the image. For the last requirement, you will
have to label vertices on the pre-image and image.
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5. In the figure below, GH is the line of reflection. State and justify two conclusions about distances
in this figure. At least one of your statements should refer to perpendicular bisectors.
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Construct Parallel Lines Through Rotations

Day 2 Objective: Use rigid motions (rotations) to verify the parallel postulate.

Recall that two lines are parallel if they lie in the _S2/77¢ f’)fﬁ%”i, and do not _g/w<c< 1

1. Why is the phrase in the plane critical to the definition of parallel lines? Explain or illustrate your
reasoning. ./71 R ¥ é,/ i /‘ Ly irrf 7 Coird S

T
f’/f.z?;-f bt sthtws eSS
‘ \
f», st frseet  bofm At ¢+ //j

2. In the diagram below, how many lines can be drawn through point P that are parallel to the given
line m?
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3. Constructs line ine L passing through point P\by rotating line L 180°.

v
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a. Label any point 4 on L.

b. Find the midpoint, C, of segment AP by nﬁt/igcting the perpendicular bisector.

c. Perform a 180° rotation around center € using the following steps.
i. Pick another pomt BonlL.
ii. Draw line CB.
iii. Draw circle: center C, radius CB.
iv. Label the other point where the circle intersects CB by Q.
v. Draw line ‘@'

d. Label the image of the rotation by 180° of L. by L' = R¢ 150 (L)-



4. Explain why this rotation results in line L parallel to line L.

[Teacher note: see either indirect proof on page 134 or alternate interior angle justification on page
135. This could also be justified using corresponding angles]

Summary
Parallel Postulate: Example:
Through a given _& k frr 744 n.jﬂ?j""point there is g =g N
atmost___/ line parallel to a given line
Theorem: If three distinct lines L,, L,, and L3 in G

the plane have the property that L, || L; and é/ﬂ 7

Lyl Ly, then L, /] /5
(Abbreviated: ||-transitivity).

Practice:

1a. Construct a li




Practice Exercises

1. Inthe figure, AL | BM, AL L CF, and GK L BM. Prove that CF || GK.
Sttt et | Krisons

& 7 Jem, FZli= | Clier
N/ BM. L (G

Gk Brd
(2 £ ADC, ¥ BTH «oc 1 +. (310 el o Reitid Ly isia
4 ,;j/?f {j 0%
Er#pc = TBIH G ptt n‘z?/ﬁ-/* v are T
@aﬂﬁﬂ( =XREh @;/ 2 /] el are {a.f' /5/ A
Srhins o, LEHESL <5 e =
@ cr il Lk ¢ ;/ sy 5 dee £, Jhm Fhe bner g .
2. Given that £B and £C are supplementary and ZA = ZC, prove that AD | BC.
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Mathematicians state that if a transversal to two parallel lines is perpendicular to one of the lines, then
it is perpendicular to the other. Prove this statement. (Include a labeled drawing with your proof.)
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4. Inthe figure, AB | CD and EF | GH. Prove that ZAFE = /DKH.
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5. Inthe figure, ZE and ZAFE are complementary and £C and £BDC are complementary. Prove

that AE | CB.
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Given aline L and a point P not on the line, the following directions can be used to drawa '« .- w
perpendlcular‘ M to the line L through the point P based upon a rotation by 180" Hen M .,/,u :
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a. Pick and label a point 4 on the line L so that the circle (center P, radius AP) intersects L twice.
b. Use a protractor to draw a perpendicular line N through the point A (by constructing a 90° angle).
c. Use the directions in Example 2 to construct a parallel line M through the line P.

Do the construction. Why is the line M perpendicular to the line L in the figure you drew? Why is the
line M the only perpendicular line to L through P?



6. AD | BC and ZEJB is supplementary to ZJBK. Prove that AD I7E.
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7. AD | FG and EJ | FG. Prove that ZDA] and ZEJA are
supplementary.
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8. £C= /G and ZB is supplementary to ZG. Prove that DC | AB.
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9. AB | EF,EF CD\,\‘and ZEKC is supplementary to ZKCD. Prove
that 4B | DC.
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Sequence of Rigid Motions and Composition of Transformations

b=

List all rigid motions we have studied so far.
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2. A S }/Jbl mmL 'h/j/ is a rigid motion that carries a figure to itself.

3. Rigid motions preserve asSsAane /'/,-'%‘f;’/;?? /%S5 and ¥ opesecs
4, A_LEHYL {//?Z" WL P between two figures is a pairing of each vertex of one figure

with one and only one vertex of another figure. A congruence creates a correspondence because
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4a. aABC =aA'B'C' as aresult of a two rigid motions. List the corresponding vertices.
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For #5-8,

a. Identify the rigid motion used to map the pre-image on to the image.
b. Identify the corresponding angles and sides
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Sometimes there is more than one rigid motion needed to map one figure on to another. This is called a

composition of transformations. For example the diagram below shows a composition of three rigid
motions which map AQPR to AYXZ.
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Identify the three rigid motions used in the order in which they were performed:
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This series of rigid motions can be described in composition notation as follows: R
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Definition of Congruence

Two figures in a plane are congruent if there exists a finite composition of basic rigid motions that map
one figure onto the other figure.

For #8-9, write the series of compositions in words and notation.
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10. Given A4BC, sketch its image using the composition: T.(A ,(A4BC))
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10a. Is AABC congruentto A4"B"C"? Justify using rigid motions. -
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11. Assume the following figures are drawn to scale. Using your understanding of congruence explain
why square ABCD and rhombus GHIJ are not congruent.
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12. Use the figures below to answer each question:
a. A ABD =A CDB. What rigid motion(s) maps CD onto AB? Find 2 possible solutions.
é} /j S Fretr o7 /J;Z’ 4-_'( oy WS //;L'L
A ' -
# Vil % A B
C A wte hor /5T abecs C ,
g - fz He weel éj 4 Aransla b 4 ?’é'zﬁﬁ"

-
i

b.

All of the smaller sized triangles are congruent to each other. What rigid motion(s) map ZB onto
AZ? Find 2 possible solutions.
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Day 5: Summary of Correspondence and Transformations

Day 5 Objective: Apply a sequence of rigid motions from one figure to another in order to
demonstrate that the figures are congruent

Recall: If a rigid motion results in every side and every angle of the pre-image mapping onto every
Ll

corresponding side and angle of the image, we will assert that the triangles are

la. ABCD isasquare, and AC is one diagonal of the square. A ABC is a reflection of A ADC across
segment AC. Complete the table below identifying the missing corresponding angles and sides.

A i B
& Corresponding angles Corresponding sides
T T LBAC » X AT 4B - 4
LABC » «£APC BC > pe
bt ¢ LBCA » ¥ DCA AC - 7cC

1b. Are the corresponding sides and angles congruent? Justify your response.
12s. Siace Fhe Fria nGl wa s rofbocted ovCr  FE anc
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lc.Is A ABC = A ADC? Justify your response.
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For #2-4, each exercise shows a sequence of rigid motions that map a pre-image onto a final image.
ldentify each rigid motion in the sequence, writing the composition using function notation. Trace the
congruence of each set of corresponding sides and angles through all steps in the sequence, proving that
the pre-image is congruent to the final image by showing that every side and every angle in the pre-
image maps onto its corresponding side and angle in the image. Finally, make a statement about the
congruence of the pre-image and final image.
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Sequence of £A D FH ’ £E Bt
corresponding angles | <2 7 &

Triangle congruence | 4 A7
statement =
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Sequence of rigid o flctin. Lriins LeA7 ¢,
motions (3) e o
Composition in £ o "
function notation E»"‘(/g;g--(/ Lzl4 #c) ))
Sequence of Al =2 g m J7 D"
corresponding sides |42 ~—> gy
Sequence of 2h D xP" el —d>wc™
correspondingangles [ __ o, 5 .z
Triangle congruence
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Sequence of rigid
motions (3)
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Sequence of ¥A D LY o e S T
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Compositions of Transformations in the Coordinate Plane

A composition of a translation
followed by a reflection in a line
parallel to the translation vector.

clstante ¢
aﬂ;/( meAsSvre
are j?rﬂerv‘“’

Examples
1. Triangle JKL has vertices /(6, -1), K{10, -2), and L(5, -3).
Graph triangle JKL and its image after a translation along
<0, 4> and a reflection in the y-axis.

/1 —A—xn's "
o) =5 (e =57 T e3)
k(/ﬂ,-;)-—-) k’[fﬂ,})—-—a k" (-m,;-)

L(5-3) — L(50)— L7(-57)

Tory
D

The comf)osition of

two (or more) rigid motions is a rigid motion.

- 2. The endpoints of CD are C (-7, 1) and D (-3, 2). Graph CD
and its image after a reflection in the x-axis followed by a
rotation 90 degrees about the origin.
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3. Triangle ABC has vertices A(-6, -2), B(-5, -5), and C(-2, -1). Graph triangle ABC and its image after
the composition of transformations listed below.

a. Ay—axi: oL (A4BC) b. Ta,4 @ R(o,o>,1ao° (A4BC)
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C[_;,-I)-——D C'(/,'J-) —y C‘”(-/,.._;) C('J:”)-—-D cr(;,l)-—-‘b C"(O,S:)

4. Describe the composition of transformations below in both words and using composition notation.
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TRIANGLE CENTERS [4]

A median is a segment that connects any vertex of a triangle to the midpoint of its opposite side.

The medians of a triangle intersect at a point called the
centroid that is two thirds of the distance from each vertex to
the midpoint of the opposite side.

Examples
a. In AABC, Qis the centroid and BE = 9. Find BQ and QE. 8

P& £ pe KE = ;’35&" A» D
8& =2 (3) &€ >4(%) '\

Bg = ¢ e =3
b. InA4ABC, FC=15. Find FQ and QC.

FR=4Fc  @C=2Zpc
4 = £(r5) &c = 2(s5)

/:4 =5 CE’C = S y g
¢. In AJKL,PT=2. Find KP. : AV"(' ‘

R
1eP=2(P7) / 7

KP:’J()—) J
f‘é’-P:?{

Given A4ABC, locate (by construction) the centroid of the triangle.




An altitude is a segment drawn from any vertex of a triangle perpendicular to
] its opposite side.

A oce A ¢ D

B0 ts an altitude from B 0 AC.

The lines containing the altitudes of a triangle are
concurrent, intersecting at a point called the orthocenter

Construct the altitude from vertex A to side BC in triangle ABC.

| \/B " ¢

Given A4ABC, locate y@struction) the orthocenter of the triangle.




The perpendicular bisectors of a triangle intersect at the circumcenter,

which is equidistant from the vertices of the trl)i__\

-

Given A4BC, locate (by construction) the cir fncentef of the ¢ iangl

yd
o/

a. The circumcenter of AABC is at P. AP = x - y, BR< 4y,and CP=4. Find xand y.

: & :/;‘0(!\57‘&4,’)‘/_ ﬁ?f” - _ -
P,a;,i Vzﬁﬁzzs S AABC ?/If ; ;79;/
(/:‘/’—’5/’-’—‘ CP) X =45

b. The circumcenter of AABCisatP.AP=3x-y,BP=x+y,and CP=4.Findxand y.
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Angle Bisector If a point is on the angle bisector of an angle, then it

Theorem is equidistant from the sides of the angle.
Examples
Find each measure.
a. XY b. msjKL c. SP
oL Max+s
bx—7
K M J S/ P
MS:SP
A7=Xe) = m & e
s MAE T =mF L Fxssmlx-7
i ) - ‘
ma JkL =37 /2 3x
K=t
SPC(d)-7
$P= 2y 1 SP=17

) Similar to perpendicular bisectors, since a triangle has three angles, it also has three angle bisectors. The
angle bisectors of a triangle are concurrent, and their point of concurrency is called the incenter of the
triangle.

The angle bisectors of a triangle intersect at the incenter,
which is equidistant from the sides of the triangle.

Examples
Find each measure if | is the incenter of AABC.
a. JF b. ZABC c. ZLJAC
<= J€E 2034)+ 2(374 =
. 2 a2 % mepbe: 2 m¥ €63 4[,2441 ?
CO—E) + f2X = IS R 2[31,[) 50 /3> -
GEYet=2eS e lE ot
Cj’E) < ?/
e = & 4 d
Se=9

IF =9



Given AABC, locate {by construction) the incenter of the triangle.




